A design scheme for low-reflection asymmetric mode conversion structure in three-mode waveguide system is proposed. By using a darkmode of three-mode system, which can be interpreted in terms of destructive interference of transition amplitudes, the transmission characteristics for forward and backward directions can be designed separately. After explanation of the proposed design scheme, we demonstrate an example of asymmetric mode converter that consists of two gratings. The proposed scheme may be useful for the design of tunable asymmetric transmission devices due to its design flexibility and efficient design process. 
Introduction
Photonic devices with asymmetric transmission characteristics have been considered for the realization of various functionalities in optical systems including optical isolation. For the cases of linear, passive, and non-magnetic systems, the Lorentz reciprocity condition poses a restriction on scattering matrices of the systems and only limited class of asymmetric transmission characteristics is allowed. Hence, the studies on asymmetric transmission in linear, passive systems have been focused on asymmetric mode conversion that does not violate the Lorentz reciprocity . For example, Feng et al. experimentally demonstrated asymmetric mode conversion on a silicon photonics platform using a complex modulation of permittivity and related their results to parity-time (PT) symmetry [1] [2] [3] [4] . For circularly or linearly polarized light incidence, asymmetric transmission characteristics through twolayered or multi-layered chiral metamaterials were verified experimentally both in microwave and optical frequencies [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . Asymmetric configurations of periodic structures were also shown to exhibit asymmetric transmission/reflection characteristics and one-way optical transmission characteristics were demonstrated [17] [18] [19] [20] [21] [22] [23] . For photonic crystal based structures, there were a number of successful demonstrations of one-way power transmission [25] [26] [27] [28] [29] [30] [31] [32] [33] . However, general strategies to obtain desired transmission characteristics are not extensively explored yet. In most cases, main focus was characterization of asymmetric transmission devices or design of optical diode operation. Actually, design of asymmetric transmission characteristics is challenging because simultaneous design of forward and backward propagation cases is required.
On the other hand, photonic analogues of atomic tri-level interference phenomena have attracted interest for several years. Especially, there have been numerous reports on photonic analogues of electromagnetically induced transparency (EIT) and Fano resonance using coupled resonators [34] [35] [36] [37] . Though tri-level interference phenomena are mostly known for sharp spectral response that enables slow light, tri-level interference also introduces an interesting state of atom which is called the 'dark state' [38] . The dark state arises when two transitions induced by two coherent external fields destructively interfere. As a result of destructive interference, an atom at the dark state does not emit or absorb photon even at the presence of external field. In systems of weak gratings in waveguides, dark state has its photonic counterpart which is called the 'dark-mode' [39] . Just like dark state, mode transitions inside gratings are prohibited for dark-mode due to the destructive interference; the dark-mode remains stationary as a consequence. Regarding asymmetric transmission, Xia et al. already showed that broadband asymmetric transmission characteristics can be observed in a system of three coupled waveguides and interpreted their results in terms of coherent population trapping [40] . However, design strategy for forward/backward transmission characteristics was not discussed. We will show that the stationary property of the dark-mode can significantly lower the design complexity of asymmetric transmission devices by enabling separate design of forward and backward transmission characteristics.
In this paper, we propose a scheme for designing low-reflection asymmetric transmission structure in three-mode system. The proposed scheme exploits the dark-mode of the threemode system, which will be explained in the next section. First, we designed a three-mode system that consists of two waveguides: one of which possesses the symmetric and antisymmetric transverse electric (TE) mode (waveguide I) and the other one only supports the symmetric TE mode (waveguide II). Next, a grating for the two simultaneous mode coupling between the anti-symmetric TE mode of waveguide I and the symmetric modes of waveguides I and II was designed and the condition for the dark-mode of the three-mode system was specified. Then, we designed another grating that converts input mode to the specified dark-mode. Lastly, the asymmetric transmission characteristic of the cascade of two designed gratings is investigated. For full-field electromagnetic numerical calculation, Fourier modal method (FMM) is used for the excitation of input modes, the calculation of modal power flow, and the visualization of field distribution [41] . Although the design example presented in the following chapters is a two dimensional structure, the proposed scheme can also be applied to three dimensional waveguides. This is because the proposed scheme can be applied to any type of three waveguide modes that overlap each other regardless of the shape of waveguides.
Background theory and the proposed structure
In this section, the concept of the dark-mode in coupled mode theory (CMT) is briefly reviewed at first. Then, the configuration of asymmetric transmission device, which exploits a property of the dark-mode of three-mode system, is proposed. A system of waveguides with weak perturbation can be described by the CMT [42, 43] . We start from a general form of CMT for three-mode system: 13 For simplicity, it is assumed that the permittivity perturbation has the form of a cosine function. i.e. 
When the amplitude ratio of mode is adjusted to
a a a μ μ = − the righthand side of the Eq. (2) vanishes. This means that the state is stationary despite there are couplings between modes. The cancellation of the right-hand side in the second line of Eq. (2) can be interpreted as a destructive interference between two transition amplitudes: one is a transition amplitude from the mode 1 to mode 2, and the other is one from the mode 3 to mode 2. This stationary state is known as the dark-mode in weak waveguide gratings [39] . Due to the resemblance of coupled mode equation and Schrödinger equation, direct analogy could be made in guided wave optics. Now, we propose an example of asymmetric transmission structure taking advantage of the dark-mode. Figure 1(a) shows the schematic of the proposed device. A silicon waveguide (waveguide I) is designed to support both of the symmetric and anti-symmetric modes whereas the SiO 2 waveguide (waveguide II) can only support a symmetric mode. Waveguides are placed close enough to each other so that the waveguide modes can be coupled via gratings in the silicon waveguide. Throughout this paper, the mode 1, 2, and 3 refer to the symmetric mode of waveguide I, the anti-symmetric mode of waveguide I, and the symmetric mode of waveguide II, respectively. As depicted in Fig. 1(a) , there are two cascaded waveguide gratings of different periods. The grating α is perfectly tuned for the transition from mode 1 to mode 3. The grating β, which is tuned by the condition 12 23 , Δ = −Δ = Δ couples mode 2 with modes 1 and 3 simultaneously. Between the gratings α and β, a spacing of length D is introduced for adjustment of relative phase between each mode as will be explained later. 1), the coupled mode equation and its general solution can be derived as follows:
where we define 
where N is a normalization constant and ( )
, β β μ μ are coupling coefficients of the grating β.
Since the governing equation of the grating β is the Eq. (2), Eq. (5) implies that the darkmode is formed at the entrance of the grating β. We note that the dark-mode expression on the right-hand side of Eq. (5) has an additional phase factor that represents the phase compensation due to the shift of grating position from the origin. Due to the fact that the darkmode is stationary in region 2, the output on the right is the same as the left-hand side of Eq.
. On the other hand, when the mode 1 is launched from the right, the sequence of interaction is reversed. Unlike in the case of left-to-right propagation, the grating in region 2 induces modal transitions because the incident mode is not the dark-mode. The general solution for Eq. (2) is given by the following: (4) and (6), it can be proved that the output for the right-to-left transmission case is:
We note that 2 1 a is the same for left-to-right and right-to-left transmissions, which means consistency with Lorentz reciprocity and 2 3 a can be determined by the energy conservation For clear understanding, we would like to summarize the design mechanism of the proposed asymmetric transmission structure. First, the ratio between coupling coefficients ( ) 23 β μ and ( ) 12 β μ of the grating β determines the dark-mode condition. Then, the period, length of grating α and the value of D are determined to convert mode 1 to the dark-mode at the grating β. As a result, the output for the left-to-right transmission case is the dark-mode at the grating β regardless of L β given that appropriate values for Λ α , L α and D are chosen. After that, right-to-left transmission characteristics can be controlled by the value of L β . The key advantage of the proposed structure is that the left-to-right transmission characteristics are not affected by the tuning of the right-to-left transmission characteristics. This observation implies that it is possible to design left-to-right and right-to-left transmission characteristics one by one. In the following sections, we demonstrate an example of asymmetric mode converter in detail.
Design of the grating β and the specification of dark-mode
In order to define a dark-mode, a grating that makes two simultaneous couplings must be designed. Figure 2 β β Ω +Ω because, as can be predicted from Eq. (7), the accessible range of 2 a for right-to-left transmission case decreases as Δ increases. Hence, the widths of waveguides are adjusted so that propagation constants of three modes satisfy the condition 1 2 2 3 . k k k k − ≈ − In our case, we chose w 1 = 400 nm and w 2 = 400 nm. The waveguides are designed at the freespace wavelength of 1550 nm and the gap width is set to 100 nm to retain coupling with the adjacent waveguide.
In order to check whether the grating is tuned, we consider a particular solution of Eq. 
This particular solution implies in-phase modal coefficient oscillation of modes 1 and 3. When the grating is not tuned, one can expect the oscillation pattern would be distorted. For coupling of three modes, a binary grating inside the waveguide I is used. Though we used cosine permittivity modulation in our theoretical framework, the analysis in section 2 is still valid since the binary and cosine gratings of the same period are almost equivalent except that relatively weak higher order transitions may occur for binary gratings [42] . The grating occupies the half of the waveguide I to maximize coupling coefficients which are proportional to mode overlap integral [42] . The permittivity difference ( ) ε Δ and the fill factor of the binary grating are set to −1 and 0.5, respectively, but we note that it is possible to choose other values given that the grating can be considered as a weak grating. After tuning of the grating, the dark-mode condition should be specified. A parametric study has been done to find out that the power flow ratio for modes 1 and 3 should be 5:95 to form a dark-mode in the previously designed grating β. Figure 3(a) shows that the power flow of modes 1 and 3 is almost constant within the grating β when the dark-mode condition is well-satisfied. Electric field distribution (E y ) of the dark-mode shown in Fig. 3(b) indicates that the dark-mode is not affected by the grating β. The dependence on the variation of incident power flow ratio and relative phase is investigated in Figs. 3(c) and 3(d) , respectively. Unlike the case of exact dark-mode incidence, the normalized power flow of mode 3 changes along the propagation within the grating β when the input amplitude ratio and relative phase between the modes 1 and 3 are changed from the dark-mode condition. These results show that the stationary state shown in Fig. 3(b) is only achievable under the exact dark-mode condition which implies the destructive interference of modal transition amplitudes from mode 1 to mode 2 and that from mode 3 to mode 2. 
Dark-mode preparation and asymmetric transmission
Now, we focus on the design of grating α of Fig. 1(a) which converts mode 1 to the darkmode at the grating β. As we mentioned in section 2, the length of grating α should be designed to match the modal population ratio of the dark-mode condition at the end of the grating. The transverse profile of the permittivity perturbation is the same as the grating β, but the grating period is set to 767 nm to couple modes 1 and 3. Figure 4 (a) shows the normalized power flows inside the grating α when the grating is exactly tuned for the transition from the mode 1 to mode 3. It was found that 67 periods are required for power flow ratio of 5:95 that we specified as the dark-mode condition. Next, the length D for relative phase adjustment should be determined, otherwise modal transitions occur in the grating β since the relative phase between the modes 1 and 3 at the entrance of grating β is also important for dark-mode condition. Figure 4(b) shows left-to-right transmission characteristics when only the amplitude condition of the dark-mode in the grating β is satisfied, but a wrong value of D is chosen. Oscillation of power flows inside the grating β clearly shows that correct choice of D is critical for our design of asymmetric mode converter. To find the correct value of D, transmitted power flow at the end of the grating β is calculated for different values of D as shown in Fig. 4(c) . Since L β does not affect left-to-right transmission characteristic when the dark-mode condition is satisfied, the length of the grating β is temporarily set to 40 periods, which is long enough to clearly observe the stationary nature of the dark-mode. The value of D is changed from 5 μm to 5.75 μm since the period of beating for modes 1 and 3 is roughly 750 nm. As marked in Fig. 4(c) , that transmitted power for mode 2 vanishes when D = 5.25 μm and the power flow ratio of modes 1 and 3 was found to be the same as the dark-mode. Figure 4 (d) shows the modal power flows through two cascaded gratings for well-designed values of α Λ , L α , and D; it is clearly shown that modal power flows do not fluctuate in the grating β, which means that the dark-mode is incident on the grating β as we intended. Now, let us consider the case of right-to-left transmission. As the length of the grating β does not affect left-to-right transmission characteristic for dark-mode incidence, it is possible to change right-to-left characteristics without changing left-to-right characteristics by adjusting L β . Here, we recall that the grating α is not tuned neither for the transition from mode 2 to mode 1 nor one from mode 2 to mode 3. Hence, when we neglect these transitions, the output power flow of the mode 2 for the right-to-left transmission case is not changed from the power flow of the mode 2 at the exit of the grating β. The power flow inside the two cascaded gratings that we designed to obtain Fig. 4(d) is shown in Fig. 5(a) for right-to-left propagation case. It can be observed that the power flow of the mode 2 does not change significantly in the grating α as we predicted. To determine the output power for the mode 2, modal energy transfer inside the grating β is investigated for mode 1 incidence as shown in Fig. 5(b) . Depending on the value of L β , the normalized power flow of the mode 2 can be tuned from 0 to 0.84. Therefore, it is possible to access wide range of right-to-left transmission characteristics. For clear demonstration of adjustable asymmetric transmission characteristics, we compared two cases in which the length of the grating β is set to 11 and 16 periods in Figs. 5(c)-5(f) . , the output power flow ratio of modes 2 and 3 is changed as L β increases. Hence, the asymmetric transmission characteristics in both directions are successfully designed. We note that the slight energy loss (< 1.2 dB) is due to the leakage.
Before we conclude, some remarks must be made regarding small power flow oscillation of the modes 1 and 2 in the grating α. This oscillation is due to the coupling of modes 1 and 2 which cannot be completely neglected, though the grating α is severely detuned with respect to the transition between the modes 1 and 2. The reason why the amplitude of small oscillation varies by cases in Fig. 5 is because the oscillation amplitude depends on the ratio of modal coefficients which is 2 1 / a a in our case. For simple illustration of this effect, we consider a two level system which is described by the following coupled equations: 
Hence, if 0, Ω ≠ oscillation amplitude depends on .
κ More intuitive graphical explanation is possible using the Bloch's formulation of two level atoms which can be found in [38] . Now, we would like to conclude the section by briefly referring to the limitations of proposed design scheme. In principle, if the dispersion relations of three modes are carefully tuned so that 0 Δ = for the grating β, our design scheme enables design of arbitrary transmission characteristics in one direction, which was the right-to-left propagation case in our example. However, transmitted wave for the other propagation direction must be a darkmode which is a linear combination of only two modes. Therefore, output power of one of three modes must be zero for one propagation direction. Moreover, our scheme itself does not provide a way to design transmission characteristics for every input mode or design of both transmission and reflection characteristics which is much more challenging. Another shortcoming of the proposed scheme is the long length of the device extending over several tens of μm due to the use of weak gratings. Therefore, development of compact mode converters is necessary for further improvements.
Conclusion
A scheme for designing asymmetric transmission devices in waveguide systems that support three modes is proposed. The proposed scheme exploits dark-mode which can be defined by a grating that couples one mode to two other modes simultaneously. Stationary property of the dark-mode fixes transmission characteristic in one direction, and it enables the independent design of transmission characteristics for left-to-right and right-to-left directions. Therefore, the scheme enables access to wide range of asymmetric transmission characteristics and the design process is purely sequential. Since the proposed scheme is applicable for various threemode waveguide systems, asymmetric mode converters can be designed in different platforms following identical design process. Moreover, the design of active asymmetric transmission devices can be easier especially when it is required to tune the transmission characteristics in one direction and fix the transmission characteristics in the opposite direction. Therefore, the proposed scheme may find its applications in tunable, active asymmetric transmission devices.
